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Scaling in flavor neutrino masses My (i, j—e, (j,,t) can be described by two angles: 8sc and the 
atmospheric neutrino mixing angle 823. For A=cos 2 8sc + sin 2 8 setts an d B=cos 2 8sc — sm 2 8sct23> 
where £23 = tan #23, our scaling ansatz dictates that M^jMi^ — —Hit.23 (i=e,fi,r) with K e = l, 
Ki_,,=B/A and k t = 1/B and leads to the vanishing reactor neutrino mixing angle #13 = 0. This 
generalized scaling is naturally realized in seesaw textures. To obtain #13 / as required by the 
recent experimental results, we introduce breaking terms of scaling ansatz, which are taken to keep 
f~>) ■ M MT /M Mfl = — K M t23 intact even at 813 7^ 0. We derive relations that connect CP violating phases 

1 with phases of flavor neutrino masses, which are found to be numerically supported. The angle 8sc 

is observed to be 0.91 < sin 2 dsc < 0.93 for the normal mass hierarchy and sin 2 8sc < 0.33 for the 
■ inverted mass hierarchy. Also observed is the size of \M ee \ to be measured in neutrinoless double 

' beta decay, which is 0.001-0.004 eV (0.02 eV-0.05 eV) in the normal (inverted) mass hierarchy. 

t^- . PACS numbers: 12.60.-i, 13.15. +g, 14.60.Pq, 14.60.St 
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INTRODUCTION 



Three flavor neutrinos v e ,^,r are mixed into three massive neutrinos v\ 2,3 during their flight. The result of these 
mixings have been observed as the phenomena of neutrino oscillations [lfl. Various experiments have detected the 
O^l 1 v^-v r mixing via the atmospheric and accelerator neutrino oscillations [2|, the v^v^ mixing via the solar and 
reactor neutrino oscillations 0-11] and the v e -v T mixing via the reactor neutrino oscillation Q- All these oscillations 
have indicated that neutrinos have extremely small masses much smaller than the electron mass p| H|. Since the 
nonvanishing v e -v T mixing has been observed to occur, Dirac CP-violation is expected to cause sizable effects in 
neutrino mixings. Effects of CP-violation can be described by phases of the Pontecorvo-Maki-Nakagawa-Sakata 
(PMNS) unitary matrix Upmns PJ) which converts ^1,2,3 into v e ,n,r- Namely, Upmns has three phases, one CP- 
violating Dirac phase S and two CP-violating Majorana phases $2,3 [HI and is given by Upmns — U®K° 11] with 

(N 



u?, 



C12C13 S12C13 si 3 e~ lS 

-C23S12 ~ S23Cl2Sl3e J<5 C23C12 - S23Sl2Sl3e lS S23C13 
S23S12 - C23Cl2Sl3e l5 -S23C12 - C23Sl2Sl3e l<5 C23C13 



K° = diag(l,e^ 2/2 ,e^ 3/2 ), (1) 

where cy = cos0y and s,-j = smOij and 9ij represents a Ui-fj mixing angle (i,j=l,2,3). The experimental observation 
of the parameters in U® for the normal mass hierarchy (8| shows that 

Am^ [10 -5 eV 2 ] = 7.62 ± 0.19, Am^ [10~ 3 eV 2 ] = 2.55 +°'°g , (2) 

• 2/j n oon +0.016 . 2 a n .„„ +0.034 / nG10 +0.022 \ . 2 n n no/ic +0.0029 ,„s 

sin 0i2 = 0.320 _ nm7 , sin 23 = 0.427 „ n27 0.613 _„„,„ , sin i3 = 0.0246 _„ nn2 „ , (3) 



0.017' li -0.027 V -0.040 J ' iJ -0.0028 

^ = 0.80^, (4) 

where Am 2 ^ = m 2 — to 2 and mi stands for a mass of V{ (i — 1, 2, 3). For the inverted mass hierarchy (Arn 2 ^ < 0), the 
results are not so different from Eqs. ([5])- (£[]). There is another similar analysis that has reported the slightly smaller 
values of sin 2 23 = 0.365 - 0.4 1 [|. 
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The experimental results show sin 2 #13 <C 1 suggesting the ideal mixing of 6*13 = 0, which can be realized by a 
certain theoretical assumption on the neutrino mixing such as the bimaximal mixing [l2| , the tribimaximal mixing 
[HI, the transposed tribimaximal mixing [lij], the bipair mixing [llj], the golden ratio scheme [ltij . the hexagonal 
mixing [l^], the /j,-t symmetry [l8[ and the scaling ansatz In this article, we would like to discuss another 

theoretical possibility to lead to 813 — 0, which corresponds to the generalization of the scaling rule of Ref.fl9']. Our 
generalized scaling ansatz utilizes one angle to be denoted by 8sc, whose origin can be traced back to seesaw textures 
that predict #13 = 0. It turns out that the original scaling ansatz is recovered at 8sc = 0. In the next section 
SecHIl we define the generalized scaling rule and discuss its connection with seesaw textures. In Sec lIIIl we introduce 
the breaking of the generalized scaling ansatz to generate the nonvanishing #13 and develop theoretical arguments to 
describe CP-violations. In Sec lIVl we perform numerical analysis to evaluate effects of CP-violation and to find how 
CP- violation is controlled by phases of flavor neutrino masses. Our numerical results are compared with theoretical 
expectations. The final section Sec|V]is devoted to summary and discussions. 



II. GENERALIZED SCALING 



To obtain #13 = 0, flavor neutrino masses to be denoted by M^j (i,j=e, /i, r) should satisfy the following constraints 

M eT = -t 23 M eiJ ,, (5) 



1 - 1 



M TT = -M^t H — —Mp T . (6) 



£23 

The simplest solution to Eq.© can be obtained by using an angle 8sc and turns out to be 

cos 2 e SC , .2a .2 

M^ T ( COS 2 8 SC . 2, 



These relations provide the following scaling rule: 

M, 



sm 2 8 sc t 23 . (7) 



, , = -«i*23 (i = e,^,r) , (8) 



where (n ei k^, n T )=(l,B/A,l/B), and 



A = cos 2 8 sc + sin 2 8 sc4 3 , B = cos 2 8 sc - sm 2 8 S c4 3 . (9) 

Our generalized scaling ansatz is described by Eq.©. The flavor neutrino texture satisfying Eq.® is regarded as a 
new texture giving 6*13 = 0. The angle 8sc is defined from M^ T /M^^ — — K^t 23 to be: 

sin^ c = 4s(M, T + t 23 M^ 

(1 - t 2 23 ) AV + i 23 M MM V 1 

The origin of 8sc can be found in a seesaw model plj . which has Mi^s as diagonal masses of three heavy neutrinos 
and a 3 x 3 Dirac neutrino mass matrix m d defined by 

ai bi c\ 

m D = \ a 2 b 2 c 2 I , (11) 

03 ^3 c 3 

on the basis that masses of charged leptons are diagonal. Since 



M eu — — ( _!_£. _|_ _±_± _|_ ^±_t J M er = — _|_ _|_ (12) 

V Mi M 2 M 3 ) 1 {Ah M 2 M 3 J> V ' 

( a 2 b 2 c 2 \ _ ( a 2 a 3 b 2 b 3 c 2 c 3 \ _ ( a 2 b 2 c 2 \ 

l — + M- 2 + M- 3 h M ^--(-W + -M~ 2 + M; 1 M ---\W l + M2 + M-J- (13) 
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Since the generalized scaling rule is derived as a solution to Eqs.© and ([6]), its seesaw version can also be found as 
their solution. The conditions Eqs.© and © are, respectively, converted into 

01 (03 + t 2 3a 2 ) t bi (b 3 + t 23 b 2 ) , ci (c 3 + t 23 C2) _ Q ^ 



Mi M 2 M 3 

(^23^3 ~ gg) (Og + ^23«2) (^23^3 ~ fo) + ^23^) (^23^3 ~ C 2 ) (c 3 + t 23 C 2 ) 

Mi M 2 M 3 



0. (15) 



To see the definition of Osc m terms of seesaw textures, it is sufficient to use a\ — as one of the solutions to 
Eqs.fTJJJ and (fl"5]l . The generalized scaling anzatz is recovered by the following two types of solutions consisting of 
(a) a 3 = — i 23 a 2 or (b) a 3 = a 2 /t 23 provided that a\ = b 3 + t 23 b 2 = c 3 + t 23 c 2 = 0. The type (a) solution corresponds 
to 

h a 

m D = I a 2 b 2 c 2 I , (16) 



-t 23 a 2 —t 23 b 2 —t 23 c 2 



from which Eq. ([TU|) yields 



from which Eq. (|10[) yields 



sin 2 9 S c = 0. (17) 
On the other hand, the type (b) solution corresponds to 

6i a 

m D = \ a 2 b 2 c 2 | , (18) 
a 2 /t 23 —t 23 b 2 —t 23 c 2 

where 

arg QI) = arg (H + i) (mod7r) ' (20) 

should be fulfilled. There are other similar solutions such as those involving b\ = or c% — instead of a\ = 0. 
Therefore, the origin of Osc is linked to the existence of two types of solutions to Eqs. (fT4"l) and (fl"5j) . which are either 
a 3 = & 2 /£ 23 or x 3 = — i 23 x 2 (a; = b, c), ensuring #i 3 = 0, and tells us that sin 2 Osc °c a 2 in the present example. 
The constraint on Osc arises from m 2 > m\. The neutrino masses are calculated from 

mi (= mie-^ 1 ) = 2 - 2 ( c 2 2 M ee - s 2 2 ^ ) , 

C 12 S 12 V C 2 3 / 

m 2 (= m 2 e _lip2 ) = — 2 - 2 [s\ 2 M ee - c 2 2 -^- J , 

C l 2 S 12 V C 23 / 

m 3 (= m 3 e-^)^ M V m . ( 21 ) 



., Mct + oa 2c 23 M eM 

tanfe = -^' tan2 ^^ TO -c| 3 M ee ' (22) 



where tpi (i = 1, 2, 3) are three Majorana phases giving </> 2 , 3 = t/? 2:3 — <pi and 

cos 2 6>sc 
cos 2 6» sc + sin 2 S ct- 



TO = n ^M uu . 23 



It is obvious that m 3 = for sin 2 0sc = 0. The original scaling ansatz [19] is, thus, recovered by sin 2 Osc = 0. The 
constraint of m 2 , > to 2 requires that 



cos 2 SC 

-iV2„ 



cos 2 sc + sin^sc< 23 
which excludes the case with cos 2 Osc = 0. 



> 4 3 M ee , (24) 
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III. MINIMAL BREAKING AND CP- VIOLATION 

To discuss Dirac CP-violation, we have to obtain 6*13 ^ and include breaking terms of the general scaling anzatz. 
Considering Eqs.© and ([5]), we introduce the following breaking terms supplied by 



Cfi ' 



SM eT = M eT +t 23 M, 

6M TT = M TT - (m uu + 1^23 M„ T ) , ( 2-, ) 



t 23 



which parameterize a neutrino mass matrix M v as follows: 



M eP M e „ M eT 



M v = ( M eii M nn I = M scaUng + 6M (26) 

M eT M„ T M TT 



with 



M ee M efi -t 23 M elM 

M sca i ing — \ M en M uu — ^23^^^ 

-t 23 M ell — ^t 23 M^^ \t\ 3 M aa 
5M eT 

5M = | | . (27) 
SM eT 5M TT 

These breaking terms always generate the nonvanishing #13 and necessarily induce Dirac CP-violation. It should be 
noted that there are other breakings that satisfy Eq.®. The nonvanishing #13 cannot be induced by this type of 
breakings, which can be parameterized by 

AM = j (! A}f IIT j . (2N) 
AM MT 




AM nT = M aT + -t 23 M nn , 



t 2 \ 1 - t 2 1 - t 2 

z 23 \ J/f . 1 l 23 _ 1 l 23 



where 



AM rr = II - j + —^ M ^r = —^AM„ T . (29) 

It turns out that the contribution to 8M TT from AM UT TT vanishes. As long as the breaking terms are restricted to be 
<5M eTjTT , we are implicitly assuming that AM UT = 0. The breaking due to 5M eT ^ TT only can be regarded as a minimal 
one because the other breaking due to AM^ TtTT is not included. It is understood that 

• the minimal breaking is the breaking that requires AM UT = 0. 

Because of this requirement, Eq. fTUl) still defines 6sc even if 8 13 ^ 0. 

To see what the implicit condition AM UT = suggests on the current argument, we use the diagonal mass matrix 
M mass — diag.(mi, ro2, 7713) applied to M v = U PMNS M mass U PMNS and find that one of the neutrino masses, which 
is taken to be m 2 , is determined as follows: 



TO2 



(C23S12 + S 2 3Cl2S| 3 ) (S23S12 - C23C12S13) - 4 t23(C23Sl2 + S23Cl2Sj 3 )' 



fhx - (S23C13C23C13 + f ^23si 3 c 13) ™3 



(C23C12 - S 2 3Sl2S* 13 ) (-S23C12 - C23S12S13) + ^i23(c23Cl2 ~ S 23 S 12 S* 13 ) 

(30) 

where S13 = Si 3 e lS . From this requirement, an important constraint on B/A, thereby, 9sc> 1S derived. For the normal 
mass hierarchy, since m 2 -C m 3 , we must adjust B/A to satisfy 



S23C13C23C13 + ^-i23S2 3 Ci 3 « 0, (31) 
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leading to 

COS 2 6»sc^23Ci 3 



cos 2 6 sc + sin 2 6»sc^23 



(32) 



from which we obtain that cos 2 Osc ~ 0. For the inverted mass hierarchy, since m 2 » to 2 , (^> m|), we must adjust 
-B/A to satisfy 



(c 2 3Sl2 + S23Cl2st 3 ) (S23S12 - C 23 Cl2S* 13 ) - ^-i 2 3(c23Sl2 + S 2 3Cl2Sl 3 ) 



\2 



B 2 
(C23C12 - S23S12S13) (-S23C12 - C23S12S13) + ^-*23(C23C12 - S 2 3Sl 2 S 13 ) 



(33) 



where r\ is an arbitrary phase, which is reduced to 



1 — — ) (s 2 2 + e"'c 2 2 ) C23S23 + (terms proportional to s i3 ) » 0, (34) 



leading to^RiB that requires that sin 2 6>sc ~ 0. 

Now, we are ready to discuss effects of CP-violation based on M 



1. To estimate Majorana phases (^1,2,3 as well as </>2,3, we use Eq.pop and choose mi — for the normal mass 
hierarchy and to 3 = for the inverted mass hierarchy to make arguments simpler. Majorana phases are calculable 
at 0i3 = 0. 

(a) For the normal mass hierarchy, when mi = 0, Eg. (1301) becomes 

COS 2 6>S£t23C?3 



m 2 = — COs29sc+Si " ^ b , ^2-3, (35) 

(C 23 C12 - S 23 Si 2 S* 3 ) (-S 23 Ci2 - C 23 Si 2 s| 3 ) + 3*23(023^2 ~ S23Sl2Si 3 ) 

whose denominator turns out to be — cf 2 /*23+(terms proportional to si 3 ) for cos 2 Osc ~ 0, which suggests 
that if2 ~ ^3 leading to 

4> 2 ~ 4>3- (36) 

If 613 — 0, if2,3 can be calculated. The requirement of toi = yields m 2 = to/c 2 2 c 23 and to 3 » Af WI /s 23 . 
From Eq.([2"3"|) with cos 2 Osc ~ for to, we reach 

<P2=~ arg (M w ) w ip 3 . (37) 

(b) For the inverted mass hierarchy, when to 3 = 0, Eq. (|30[) do not yield any positive results for Majorana phases 
because they depend on 5, whose contribution varies with sin 2 Osc contained in B/A. For sin 2 Osc = 0, we 
obtain that 

m 2 = - - Z toi, (38) 

X — J23tl2Si 3 

which suggests that (f2 ~ <p\ leading to cf>2 ~ 0. If #i 3 = 0, tpi,2 can be calculated. The requirement of 
m 3 = yields to = Af MM in Eq. (|21[) . The simplest cases are toi ~ TO2 and toi ps — 7712. For toi « rn.2, 

02 « 0, (39) 

should be realized at sin 2 Osc ~ as suggested from Eq. (|3"8")) and mi w M ee and TO2 ~ M^/ c^ 3 are derived 
while, for toi w — m2, 

02 « ±7T, (40) 

which should be realized at sin 2 6>sc 7^ and toi ps M ee / (cf 2 — s 2 2 ) and to 2 « M MM /c| 3 (c 2 2 — s 2 2 ) are 
derived. These results show that 

<pi » - arg (M ee ) , (^2 « -arg(M MM ) . (41) 
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2. CP-violating Dirac phase S has been estimated to be [22j ]: 



5 w are 



j—M* + M* ) 5M eT + M ee 5M* eT - t 23 M eii 6M : 



l 23 

where an extra ir should be added for c^ 2 rn^ + s\ 2 m\ > mfj, which is converted into 



S ks arg 



1-| J M^SM eT + M ee 6M* T - t^M ef M' 



(42) 



(43) 



When conditions that realize the appropriate mass hierarchy are taken into account, Eq.(j43p can be further 
simplified as follows: 

(a) For the normal mass hierarchy, since ^> \M ee ^\, Eq. (|4"3")) is reduced to 

S « arg (M^6M eT ) . (44) 

(b) For the inverted mass hierarchy, since Ak, B, Eq. (|43|) is reduced to 

S w arg {M ee 5M* eT - t 23 M eli 5M* T ) + tt. (45) 

It will be demonstrated that the simplified forms of 5, Eqs. (l44"]) and (|45j) . numerically well reproduce actual 
values of S. 

These predictions are checked against numerical analysis. 

IV. NUMERICAL CALCULATIONS 

We have performed numerical calculations to estimate sizes of CP-violating phases and to discuss their possible 
correlations with other quantities. The parameters used are 

Am|i [1CT 5 cV 2 ] = 7.62, Am^ [10~ 3 eV 2 ] = 2.55, (46) 
sin 2 6»i2 = 0.32, sin 2 B 23 = 0.43, sin 2 13 = 0.025. (47) 

For the sake of simplicity, we adopt mi=0.001 eV (7713=0. 001 eV) for the normal (inverted) mass hierarchy. Our 
results are listed in FIG0}FIG|71 The size of the breaking terms 5M eT TT is plotted in FIGfTJ The dependence of 
CP-violating phases on sin 2 Bsc is shown in FIGf2] and FIG(5] Shown in FIG(3] and FIG[5] are predictions on the 
dependence of (a) the simpler forms of 5, (b) 02 an d (c) 03 on 5. The remaining figures, FIGH] and FIGfTl arc 
predictions on the dependence of axg(M eetefliflfl ) on Majorana phases. 

Form these figures, we can observe the following property of CP-violating phases: 



• For the normal mass hierarchy, where Bsc is restricted to the small range of 0.91 < sin 2 Bsc J$ 0.93 (FIGHJ and 
sin 2 Bsc — 1 is forbidden owing to the constraint of m\ > m\, 

- \SM TT \ is well suppressed to confirm the validity of Eq.flU) and |<5M eT | ~ 0.01 eV (FIGfTJ (a)); 

— I <5 1 — > tt- as sin 2 Bsc reaches smaller values (FIGJ2] (a)); 

- 2 w 03 (FIGU(b) and (c)); 

— 02 an d 03 exhibit no correlation with S (FIG[3](a) and (b)); 

- arg (M^SMer) is almost identical to 5 (FIG|5](c)); 

- <p 2 w tp 3 w -arg(Af MM ) (FIGg](a) and (b)). 

• For the inverted mass hierarchy, where sin 2 Bsc J$ 0.33 (FIG[5|), 

— £M eT | and |5M TT | are comparable and combined contributions amount to 0.01-0.02 eV (FIGfTJ (b)); 

— \5\ (|02 1) is larger than 7r/2 for sin 2 Bsc ^ 0.1 (sin 2 Bsc ^ 0.15) and tends to be larger as sin 2 Bsc gets 
larger (FIGJ5] (a), (b)); 

* \5\ > tt/2 for sin 2 Bsc > 0.1 (FIGH] (a)); 
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\SM TT \[lO- 2 eV] ( a ) 
2.0 



1.6 
1.2 
0.8 
0.4 
0.0 



\SM _|[10- 2 eV] (i ) 
2.0 




0.0 0.4 0.8 1.2 1.6 2.0 
\SM et \\_W- eV] 



0.0 0.4 0.8 1.2 1.6 2.0 
|£M cr |[l(T 2 eV] 



FIG. 1: The prediction of |5Af TT | as a function of \8A4 eT \ for (a) the normal mass hierarchy or (b) the inverted mass hierarchy. 



3.14 



1.57 



0.00 



-1 .57 



(a) 



-3.14 



3.14 



1.57 



0.00 



-1 .57 



-3.14 



2 



(b) 



3.14 



1.57 



0.00 



-1.57 



-3.14 



(c) 



0.80 0.85 0.90 0.95 1.00 0.80 0.85 0.90 0.95 1.00 0.80 0.85 0.90 0.95 1.00 

sin 2 9 SC sin 2 SC sin 2 SC 

FIG. 2: The predictions of (a) 5 or (b) cj>2 and (c) 4>3 as functions of sin 2 9sc for the normal mass hierarchy. 



* | <fe | n as sin 2 Qsc — > 0.33, where < 0.5 for sin 2 

(b)); 



'SC 



and \(j> 2 \ « vr for sin 2 6> S c » 0.33 (PIGJ5] 



— 03 does not exhibit no clear correlation with sin 2 9sc (FIG 03(c)); 

— 02 is scattered around the straight line of 02 = 5/ A for |<5| < tt/2 while 02 = 0,7r for |5| « 7r (FIG03(a)); 

— arg (M ee SM* T - t 2 ^M e ^5M* T ) + tt is almost identical to J (FIGU (c)); 

— ipi is scattered around the line ipi = — arg(M ee ) (FIGC?]( a )) while <p 2 is scattered around the line (f2 = 
-arg(M w ) (FIGH(b)); 

— |02| oc M e/ J, where 02 is located around leading to mie"^ 1 » m2e~* V2 if |A/ eM | is suppressed while 02 
is located around ±7r leading to mie~ lipi » —m 2 e" lV2 if |M eM | is enhanced (FIG0(c)); 

Some of these results of Majorana phases can be explained by the predictions made at sin #13 = 0: 

• For the normal mass hierarchy with m\ = 0, 

— 02 ~ 03 from Eq. (f36|) ; 

— 02 ~ 03 based on ip 2 — - arg (M w ) w 933 from Eq.((37|). 

• For the inverted mass hierarchy with 771,3 = 0, 

— <pi w -arg(M ee ) and ^ 2 « -arg(M MM ) from Eq.flHJ; 
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FIG. 3: The same as in FIG[2]but for (a) <f>2, (b) <j)3 an d ( c ) the simpler form of S as functions of S. 
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FIG. 4: The same as in FIG[2]but for (a) y>2 and (b) tpz as functions of M w . 



The result of FIG[7] (c) about the behavior of (f>2 can be understood in the following way: Eqs. d^l) and (T4"0")) to predict 
sizes of 4>2 are rephrased in terms of M efl . Since mi,2 in Eq. (j2ip are transformed into 



1 (Mu 



TOl = — 

2 



2M, 



c 1 1 



C 



23 



C23 sin 20i2 



1 M„ 



m? = — 
2 



23 



M R 



2M, 



efj, 



c 2 3 sin 20i2 



(48) 



we obtain that 



mi 



ifi2 leading to 02 ~ when |M eM | is suppressed and that fh\ sa — ifi2 leading to </>2 ~ when 



M eyL \ is enhanced. Then, we observe that 
• (j>2 ~ for the suppressed \M e 



• 02 



±7r for the enhanced |M 



and both cases are smoothly connected as indicated by FIG|7](c). 

Finally, we plot \M ee \ to be measured by neutrinoless double beta decay [23[ as a function of sin 2 Bsc in FIG|5J In 
the normal mass hierarchy, \M ee \ should be suppressed to yield the suppressed mi and is estimated to be 0.001 eV- 
0.004 cV. On the other hand, in the inverted mass hierarchy, since \M ee \ reflects the size of mi, 2 of order C(y Am^ tm ), 
we expect that \M ee \ «0.05 eV. In FIG[5](b), \M ee \ is estimated to be 0.02 — 0.05 eV. It seems that \M ee \ is scattered 
around the line of \M ee \ = 0.055 - 0.11 sin 2 6 SC [cV]. 
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-3.14 -1.57 0.00 1.57 3.14 -3 14 -157 00 157 3 14 -3.14 -1.57 0.00 1.57 3.14 
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FIG. 6: The same as in FIG[3]but for the inverted mass hierarchy. 



V. SUMMARY AND DISCUSSIONS 

In summary, we have proposed the generalized scaling anzatz for flavor neutrino masses, which dictates that 

^ L = -Kit 23 (i = e,/i,r) (49) 

with k m , k t )=(1, B/A, 1/2?), where A — cos 2 6 sc + sin 2 8 set 23 and B — cos 2 9sc — sin 6sct^ 3 , which gives $13 = 0. 
The angle Bsc is defined by sin 2 9sc = c 2 3 (M Mr + t23-M W t)/[(l — ^3) ^p-t + *23M MJU ] and can be rephrased in terms 
of seesaw textures parameterized by a\ = 63 + £23^2 = C3 + £2322 = with (a) 03 = —^23^2 as in Eq.qi6p leading to 
sin 2 9 SC = and with (b) a 3 = a 2 /t 23 as in Eq.([T5|) leading to sin 2 9 SC = -a 3 /(MiM TT ). To induce 9 13 ^ 0, the 
breaking terms SM eT for M eT and SM TT for M TT should be included. When these breaking terms are minimal ones 
that necessarily induce #13 ^ and Dirac CP-violation, the constraint of M pT + Bt^M^j A = is satisfied. At the 
same time, this constraint ensures that the definition of 9$c is valid even at #13 7^ 0. We have found that 

• CP-violating Dirac phase can be estimated to be 8 ss arg (M* JM er ) for the normal mass hierarchy and to be 
S ~ arg (M ee 5M* T — t23M efl SM* T ) + it for the inverted mass hierarchy; 

• CP-violating Majorana phases can be estimated from tp 2 ~ (p 3 ~ — arg(JW jUjU ) for the normal mass hierarchy 
and from tp\ rs — arg (M ee ) and (p 2 ~ — arg (-M^) for the inverted mass hierarchy. 
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FIG. 7: The predictions of (a) <pi as a function of M ee , (b) <p2 as a function of M MM and (b) \M efl \ as a function of <f>2{= f2 — <pi) 
for the inverted mass hierarchy. 




FIG. 8: The prediction of \M ee \ as a function of sin#| c for (a) the normal mass hierarchy or (b) the inverted mass hierarchy. 



From the numerical calculation, where the lightest neutrino mass is taken to be 0.001 eV, we have observed that 
the approximate scaling anzatz describes the normal mass hierarchy for 0.91 < sin 2 Osc ^ 0-93 and the inverted mass 
hierarchy for sin 2 Osc ^ 0.33 and that breaking terms of the general scaling anzatz are estimated to be at most around 
O(0. 01) cV. The effective mass to be measured in neutrinoless double beta decay \M ee \ is found to be 0.001-0.004 eV 
(0.02 eV-0.05 eV) in the normal (inverted) mass hierarchy. The following numerical properties are also found: 

• For the normal mass hierarchy, 

— 1 8 1 tends to be smaller as sin 2 Osc gets larger while 02,3 1 tends to be larger as sin 2 Osc gets larger; 

— there is no correlation between 8 and 02,3- 

• For the inverted mass hierarchy, 

— \S\ is larger than tt/2 for sin 2 Osc > 0.1 while |<fo| is larger than tt/2 for sin 2 Osc > 0.15 and both tend to 
be larger as sin 2 Osc gets larger; 

— there is a clear correlation between 8 and 4>2 that shows </>2 is scattered around the straight line of </>2 = 5/4 
for \8\ < 7r/2 while <j>2 — 0,7r for \8\ « 7r; 

— the proportionality of 1 02 oc \M etl \ symbolizes the behavior of \<t>2\\ 

— I M ee I is scattered around the line of |M ee | = 0.055 - 0.11 sin 2 SC [eV]. 
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Since the generalized scaling anzatz is compatible with the seesaw mechanism, we may discuss the creation of the 
baryon asymmetry of the Universe via the leptogenesis [24j considering results of the generalized scaling anzatz. This 
subject will be discussed elsewhere [25j |. 
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